
  
Abstract— Predictive computational models are a significant tool 

in the study of aortic heart valve mechanics and the design of 
artificial heart valves. As a well organized soft tissue, the leaflets of 
the aortic valve (AV) exhibit prominent mechanical behavior 
foreseen in a typical tissue with a complex fiber-reinforced composite 
structure, such as rate dependent stress-strain behavior, 
incompressibility and strong anisotropy. Therefore, an anisotropic 
hyperelastic constitutive model can be formulated to describe the 
mechanical behavior of the AV leaflets under physiological loading 
conditions. While many strain energy functions have already been 
proposed for soft tissue modelling, choosing the best one that 
accurately predicts the specific material behavior of the aortic valve 
leaflets becomes a major step in the modelling procedure. This work 
aims to present a comparative study of the proposed constitutive 
models related to the heart valvular tissue. 

Keywords— Aortic valve, Biomechanical modelling, 
Hyperelasticity, Strain energy function, Transverse isotropy. 

I. INTRODUCTION 
HE aortic heart valve is a vital biomechanical structure 
located between the left ventricle and the ascending aorta 

and as a one-way valve, regulating the blood flow through the 
heart in the specified direction by preventing backflow. In 
accordance with the principal physiological function of the 
AV, understanding the biomechanics of the native valves is of 
clinical importance. On the other side, many of AV diseases 
are annually diagnosed and treated by a surgical procedure 
during which a damaged valve is substituted by a mechanical 
or bioprosthetic artificial one [1, 2]. Therefore, in the past 
decades, computational simulations and mechanical analysis 
of the AV have been regarded as an indispensable tool in the 
general understanding of the healthy and abnormal mechanical 
behaviors of the valve [3]. The outcome of such modelling 
procedures has also been employed in designing of artificial 
valves and had a beneficial role in the heart valve surgeries. 

The AV apparatus consists of three leaflets attached to the 
aortic wall. Each leaflet is a thin walled complex soft tissue 
comprised of three distinct layers with the overall thickness of 
about 0.2-2.0 mm: the ventricularis, the spongiosa and the 
fibrosa. The fibrosa and ventricularis, known as fibrous layers, 
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can be seen to assemble a fiber-reinforced composite material 
[2]. The aligned fibers of the leaflet lead to an anisotropic rate 
dependent stress-strain response [4]. In addition to the 
complex structure, the leaflets undergo large deformation 
through the blood pressure from the open to close positions, 
which make the simulation of the AV a challenging procedure, 
similar to many other soft tissues. In the past few years, such 
biological tissues have been simulated by a set of constitutive 
models based on different methods such as continuum or unit-
cell approaches to describe the mechanical behavior of 
different soft tissues [3]. In the continuum constitutive model, 
hyperelasticity has been highlighted as the best choice to 
formulate anisotropic large deformation effects [5]. The 
fundamental concept of hyperelastic material models is the 
fact that the energy density in the material can solely be 
described as a function of the strain state. In the case of a soft 
tissue, this function has to be chosen to comply with 
experimental observations of the material behavior, thus 
obtained based on a phenomenological approach to capture the 
response of the tissue near the physiological state. While most 
of proposed strain energy functions are of the exponential -
type, polynomial and logarithmic forms have also been used 
for such tissues [3, 6].  

 

 

 

Fig. 1 (a) CAD geometry of the whole valve, (b) coordinate 
directions of the AV, (c) coordinate direction of the Leaflets, 
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In this work, a comparative study of some soft tissue 
constitutive material models, which seems to be suitable for 
modeling of mechanical behavior of aortic heart valve leaflets, 
is presented. The strain energy functions are rewritten in a 
standard notation and explained briefly. Afterwards, the 
material constants for each hyperelastic material models are 
obtained from fitting to a set of published experimental data of 
uniaxial tensile tests of fresh porcine AV leaflets [1] by means 
of a Levenberg–Marquardt algorithm using the Matlab curve 
fitting toolbox. Furthermore, a Matlab code has been 
developed to predict nonlinear and transversely isotropic 
hyperelastic material behaviors based on the total Lagrangian 
formulation of large deformation theory [7]. The code is then 
employed to evaluate the capability of the best successfully 
strain energy function along with the obtained constants in 
reproducing the mechanical behavior of the AV leaflets. Thus, 
the coefficient of determination (R2) and the sum of squared 
residuals (SSR), also known as the sum of squared errors of 
prediction (SSE) are extracted to evaluate the overall quality 
of each model in correlation with the experimental data. 
Finally, a model of one separate leaflet under a diastolic 
pressure is presented to evaluate the accuracy of the best fitted 
transversely isotropic hyperelastic model in the simulation of 
AV leaflet mechanical behavior. 

II. COMPUTATIONAL FRAMEWORK 
Once the strain energy function is determined, the stress 

state can be obtained by taking the derivative of ψ with respect 
to a strain measure, such as 

(1) ,ψ
E

S
∂
∂

= 

where S is the second Piola-Kirchhoff stress tensor and E is 
the Lagrangian Green strain tensor. A strain energy function 
defining a transversely isotropic material can then be 
described by strain invariants ψ=ψ (IR1R, IR2R, IR3R, IR4R, IR5R). In the 
case of biological tissues composed of a single family of 
aligned collagen fibers embedded in an isotropic 
incompressible matrix, the strain energy function depends 
strongly on IR1R and IR4R and is independent of other invariants [1, 
6, 8, 9]. Besides, in accordance with the published results of 
mechanical tests, it is generally accepted that many of soft 
tissues such as AV leaflets can be treated as an incompressible 
material or nearly so [1, 5, 8, 10]. Therefore, the strain energy 
function can be represented in a decoupled form: 

(2) ,)(),(ψ),,(ψψ
part isochoric

4141 
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where the volumetric part is taken into account the 
incompressibility [7, 11] and the isochoric part is the volume-
preserving contribution of the strain energy function. 𝐽 is the 
volume ratio defined as 𝐽 = det (𝐅) where 𝐅 is the deformation 
gradient. I�̅� is the first invariant of the modified right Cauchy-
Green tensor and I�̅� = 𝐚𝟎.𝐂�. 𝐚𝟎 is known as the pseudo-
invariant. 𝐚𝟎 is a unit vector, which in the case of AV leaflets, 
represents the orientation of collagen fiber aligned with the 
angle of θ by {𝐚𝟎} = {0 cos(θ) sin(θ)}𝑇 [12]. During 

deformation the fibers move with the material points of the 
incompressible matrix towards their final deformed 
configuration. Therefore, the 𝐚 vector can be defined as 𝐚 =
𝐅𝐚𝟎, where 𝐅 is the modified deformation gradient 𝐅 =
(𝐽1/3)𝐅. 

The Cauchy stress tensor 𝜎 is obtained by the push-forward 
operation of S to the current configuration 𝜎 = 𝐽−1𝐅. 𝐒.𝐅𝑇                
, thus: 
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where 𝐁� = 𝐅�.𝐅�𝑇 is the modified left Cauchy-Green tensor and 
Ι/ denotes the fourth order identity tensor. P is an unknown 
hydrostatic pressure, which can be determined from the 
boundary conditions. 

Fig. 2 shows a schematic view of the uniaxial tension 
model. In the uniaxial tension test, the deformation gradient 
and the Cauchy-Green tensors are diagonal and the stress 
component in the thickness direction is negligible (𝜎3 = 0). 
Therefore, the unknown hydrostatic term can be extracted and 
the principal Cauchy stress in the longitudinal direction can be 
calculated and presented as a function of stretch in the 
direction of elongation. 

 
Fig. 2 Uniaxial stretching 

If the elongation is perpendicular to the fiber direction, i.e. in 
the case of AV leaflets in the radial direction, and if the fibers 
do not carry any compressive stresses, the stress component in 
the direction of elongation is 

(4) ( )1
1

2
1

1
1 I

ψ2 −−
∂
∂

= λλσ 

where λR1R is the stretch in the direction of elongation in the 
uniaxial tension test. If the fibers direction aR0 Ris parallel to the 
direction of elongation, i.e. the circumferential direction in AV 
leaflets, a fiber stress σRfR should be added to (4) [1]: 

(5) 
4

2
1 I

ψ2
∂
∂
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Introducing the logarithmic strain εR11R=ln (λR1R), the uniaxial 
stress can then be obtained as a function of logarithmic strain. 
After substituting the derivatives of the strain energy function 
with respect to ĪR1R and ĪR4R in (4) and (5), respectively, the 
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acquired functions can be fitted to a set of available uniaxial 
tension test data for AV leaflets. At first, the material 
parameters of (4) are obtained by fitting to the data of radial 
direction tension test (perpendicular to fibers direction). 
Having established the constants, the sum of (4) and (5) is 
fitted to the tension test data in the circumferential direction of 
AV leaflets (parallel to the fiber direction) to obtain the 
remaining constants. 

The fitting has been carried out by the Levenberg-
Marquardt algorithm, implemented in the curve fitting toolbox 
of the Matlab program. 

III. MATERIAL MODELS 

A. Humphrey Material Model 
A polynomial strain energy function, proposed by 

Humphrey and co-workers [13] for describing the mechanical 
behavior of excised noncontracting  myocardium is adopted: 
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 where α is the stretch in the fiber direction, defined as αP

2
P=ĪR4R. 

Fitting the result of implementation of this function has shown 
a good prediction, therefore it is considered as a candidate for 
modeling of the aortic heart valve mechanical behavior. The 
material parameters, CR1R, CR2R, CR3R, CR4R, and CR5R,R Robtained by 
fitting to the experimental data, are set to 15.231 kPa, 1.216 
kPa, -0.055 kPa, -0.309 kPa, and 213.603 kPa, respectively. 

B. 6BMay-Newman and Yin Material Model 
May-Newman and Yin [9] proposed a Fung-like 

exponential transversely isotropic function, which was 
reportedly achieved well accurate prediction of biaxial data 
observed in a cyclic equibiaxial test for the mitral heart valve, 

(7) 
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where CR1R, CR2R, and CR3 Rare the material constants determined by 
fitting to experimental data. In the case of AV leaflets, the 
values of these constants are 13.821 kPa, 4.12 and 5.86, 
respectively. 

C. 7BHumphrey and Yin Material Model 
This model was proposed by Humphrey and Yin [8] for 

study of passive myocardium. The soft tissue was considered 
to be composed of an isotropic exponential material with a 
family of embedded exponential fibers. Thus, the presented 
strain energy function has the form: 

(8) )1()1(ψ
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The obtained material parameters, CR1R, CR2R, and CR3 Rare 2.414 
kPa, 4.997, and 12.827 kPa, respectively. 

D. 8BKoch Material Model 
Another exponential strain energy function, derived under 

the assumption of decoupling of the isotropic matrix 
reinforced with a single family of collagen fibers was 
presented by Koch [1]: 
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where CR1 Rand CR2R are the constants of the isotropic matrix 
strain energy function and CR3 Rand CR4R are the constants of the 
anisotropic part of the strain energy function, caused by the 
fibers. The material parameters are extracted from the fitting 
procedure: CR1R, CR2R, CR3R, and CR4R are 4.997, 24.131 kPa, 91.173, 
and 7.085 kPa, respectively. 

E. 9BWeinberg and Kaazempur-Mofrad Material Model 
Weinberg and Kaazempur-Mofrad [2] presented a 

transversely isotropic hyperelastic material model for the 
separate fibrous layers of the leaflets in the tissue-level model 
of a multiscale simulation of AV. The proposed strain energy 
function takes advantage of the decoupling approach 
employed by Humphrey and Koch. Besides, an initial modulus 
provided by a single-term Mooney-Rivlin is suggested to add 
to strain energy function: 
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where CR1R, CR2R, CR3R, CR4R, and CR5R are the material parameters 
determined by fitting to the uniaxial tension test data of AV 
leaflets: -1.325 kPa, 2.579 kPa, 4.916, 8.366 kPa, and 87.702, 
respectively. 

IV. 3BRESULTS 
Fig. 3 illustrates the way five transversely isotropic 

hyperelastic material models is fitted to a set of uniaxial 
tension experimental data in both radial and circumferential 
directions of AV leaflets. The material models have been 
implemented in the developed Matlab code and the material 
parameters are set to the obtained values from the fitting 
procedure.  

 
Fig. 3 Analytical stress-strain curves compared with the experimental 

uniaxial tension test data [1] 
Fig. 4 provides a clear view of each model’s accuracy on 

fitting the experimental data. It illustrates the Cauchy stress 
versus the logarithmic strain predicted in the uniaxial tension 
model in comparison to available experimental data. 
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Fig. 4 Analytical stress-strain curves compared with the experimental 

uniaxial tension test data [1]. 

To evaluate more clearly the match between the theoretical 
and experimental data, the coefficients of determination and 
SSEs are shown in Fig. 5, confirming the conclusion made by 
observation in Fig. 3 and 4. 

 

 

Fig. 5 (a) Coefficients of determination and (b) Sum of Squared 
Errors of estimation (SSE) 

 
As a control measure, the best fitted constitutive model to 

the experimental data (i.e. the Koch material model) is 
employed in a three dimensional finite element model of a 
separate AV leaflet. The geometry is created in SolidWorks by 
sweep and loft features (Fig. 1a). Dimensions are determined 
from the available data [1]. The leaflet is positioned in the 
unloaded configuration. The 8-node brick mesh of the domain 
is created in the ABAQUS CAE preprocessor. Afterwards, the 
meshed geometry is exported to the developed Matlab 
program. The Koch material model is assigned to the model 
and the angle of aligned fibers are determined from the 
experimental data [12]. Eventually, a constant physiological 
pressure of 90 mmHg is applied on the ventricular side of the 
leaflet. According to Fig. 6, the patterns and magnitudes of 
predicted deformation and stress are consistent with those of 
other AV models reported in the literature [14, 15] (see Fig. 
7). 
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V. CONCLUSION 
A set of proposed transversely isotropic hyperelastic 

material model  for biological soft tissues are investigated to 
assess their adequacy for modeling mechanical behavior of 
AV leaflets under physiological load conditions. From the five 
investigated material models, three good correlations between 
the theoretical and experimental data are observed. The best 
results were obtained with the exponential-based model. It 
takes the advantage of the decoupling approach which 
considers the material to be composed of an isotropic 
continuum matrix, embedded by a single family of aligned 
fibers (i.e. Humphrey and Yin, Koch, Weinberg and 
Kaazempur-Mofrad). 

The polynomial model proposed for describing the 
myocardium biomechanics, showed the worse performance to 

capture the mechanical behavior of the AV leaflets. 
While the isotropic part of the strain energy function 

proposed by Humphrey and Yin leads to a good correlation 
with experimental data in the radial direction, less accurate 
results are observed in the circumferential direction, 
suggesting a modification of the anisotropic part of the strain 
energy function, as followed by the Koch and Weinberg and 
Kaazempur-Mofrad models. 

The obtained results reveal that both the Koch and 
Weinberg and Kaazempur-Mofrad models provide good 
correlations with the experiments and can be regarded as 
proper material models to capture the nonlinear mechanical 
behavior of AV leaflets. This conclusion is justified from the 
values of R-squared and SSE in Fig. 5. 

REFERENCES   
[1]  T. Koch, B. Reddy, P. Zilla, and T. Franz, "Aortic valve leaflet 

mechanical properties facilitate diastolic valve function," Computer 
Methods in Biomechanics and Biomedical Engineering, vol. 13, no. 2, 
pp. 225-234, 2010. 

[2]  E. J. Weinberg, and M. R. Kaazempur Mofrad, "Transient, three-
dimensional, multiscale simulations of the human aortic valve," 
Cardiovascular Engineering, vol. 7, no. 4, pp. 140-155, 2007. 

[3]  E. J. Weinberg, and M. R. Kaazempur-Mofrad, "On the constitutive 
models for heart valve leaflet mechanics," Cardiovascular Engineering, 
vol. 5, no. 1, pp. 37-43, 2005. 

[4]  K. Billiar, and M. Sacks, "Biaxial mechanical properties of the natural 
and glutaraldehyde treated aortic valve cusp-Part I: Experimental 
results," Transactions-American Society of Mechanical Engineers 
Journal of Biomechanical Engineering, vol. 122, no. 1, pp. 23-30, 2000. 

[5]  G. A. Holzapfel, "Biomechanics of soft tissue," The handbook of 
materials behavior models, pp. 1049-1063, 2001. 

[6]  G. A. Holzapfel, T. C. Gasser, and R. W. Ogden, "A new constitutive 
framework for arterial wall mechanics and a comparative study of 
material models," Journal of elasticity and the physical science of solids, 
vol. 61, no. 1-3, pp. 1-48, 2000. 

[7]  J. Bonet, and R. D. Wood, Nonlinear continuum mechanics for finite 
element analysis, Cambridge University Press, 2008. 

[8]  J. Humphrey, and F. Yin, "Biomechanical experiments on excised 
myocardium: Theoretical considerations," Journal of biomechanics, vol. 
22, no. 4, pp. 377-383, 1989. 

[9]  K. May-Newman, and F. Yin, "A constitutive law for mitral valve 
tissue," Journal of biomechanical engineering, vol. 120, no. 1, p. 38, 
1998. 

[10]  Y. C. Fung, Biomechanics: Mechanical Properties of Living Tissues, 
Springer-Verlag, 1993. 

[11]  G. A. Holzapfel, Nonlinear solid mechanics: a continuum approach for 
engineering, Wiley, 2000. 

[12]  H. Y. S. Huang, Micromechanical simulations of heart valve tissues, 
University of Pittsburgh. 

[13]  J. Humphrey, R. Strumpf, and F. Yin, "Determination of a constitutive 
relation for passive myocardium: I. A new functional form," Journal of 
biomechanical engineering, vol. 112, no. 3, p. 333, 1990. 

[14]  A. Cataloglu, R. E. Clark, and P. L. Gould, "Stress analysis of aortic 
valve leaflets with smoothed geometrical data," Journal of 
Biomechanics, vol. 10, no. 3, pp. 153-158, 1977. 

[15]  K. J. Grande, R. P. Cochran, P. G. Reinhall, and K. S. Kunzelman, 
"Stress variations in the human aortic root and valve: the role of 
anatomic asymmetry," Annals of Biomedical Engineering, vol. 26, no. 4, 
pp. 534-545, 1998. 

 
 

 
Fig. 6. Predicted maximum principal stress contours in the deformed 

configuration of the AV leaflet under a diastolic pressure.  
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(b) 
Fig. 7. (a) Diagram of leaflet regions [15], B: belly, FM: free margin, 
CA: coaptation area, AE: attachment edge. (b) Magnitude of 
maximum principal stresses, showing variation between leaflet 
regions. Error bars indicates the standard deviation of stress within a 
set of models [15]. 
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